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Abstract. The aim of the paper is to investigate the relation between 
inverse limit of branched manifolds and codimension zero laminations. 
We give necessary and sufficient conditions for such an inverse limit to 
be a lamination. We also show that codimension zero laminations are 
inverse limits of branched manifolds. 

The inverse limit structure allows us to show that equicontinuous 
codimension zero laminations preserves a distance function on transver- 
sals. 



1. Introduction 

Consider the circle §^ = {z€C|[2;| = l} and the cover of degree 2 of it 
P2{z) = ■ Define the inverse hmit 

S2 = l^(S\p2) = { {zk) e nfc>oS^ I = ^k-i }• 
This space has a natural foliated structure given by the flow ^tizk) = 
(e^'^**/^*Zfc). The set X = {{zk) G S2 | -Jo = 1 } is a complete transversal 
for the flow homeomorphic to the Cantor set. This space is called solenoid. 
This construction can be generalized replacing and p2 by a sequence of 
compact p-manifolds and submersions between them. The spaces obtained 
this way are compact laminations with dimensional transversals. 

This construction appears naturally in the study of dynamical systems. 
In [171 [T8] R.F. Williams proves that an expanding attractor of a diffeomor- 
phism of a manifold is homeomorphic to the inverse limit 

S ^ S ^ S d 

where / is a surjective immersion of a branched manifold S on itself. A 
branched manifold is, roughly speaking, a CW-complex with tangent space 
at each point. 

After their introduction by Williams, branched manifolds and their limits 
have been extensively used in the study of dynamical systems and foliations. 
For example W. Thurston uses train tracks (1-dimensional branched mani- 
folds) in geodesic laminations on hyperbolic surfaces Later, J. Anderson 
and I. Putnam show [2] that substitution tiling spaces are inverse limits of 
a CW-complex as in the case of Williams. J. Bellisard, R. Benedetti and J- 
M. Gambaudo [3], F. Gahler [9] and L. Sadun [14j independently extended 
this result to any tiling, showing that they are inverse limits of branched 
manifolds. In this case, the projective system has different branched surfaces 
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at each level. With a similar scheme as in |3j R. Benedetti and J.M. Gam- 
baudo has extended in |3] the previous result to G-solenoids (free actions of 
a Lie group G with transverse Cantor structure). 

F. Alcalde Cuesta, M. Macho Stadler and the author prove in [1] that 
any compact without holonomy minimal lamination of codimension is an 
inverse limit, generalizing all previous results. 

In this article, we thoroughly explore the relation between inverse limits 
of branched manifolds and laminations with zero dimensional transverse 
structure. Let us start considering the following example. Take the eight 
figure 

K = §'^ Al8^ = S'x{1.2}/(1,1)~{1,2), 

that is, the two copies of the circle glued by the 1. For each copy of we 
have the degree two covering p2, so we can define P2{[z,i]) = [z'^,i], where 
[z,i] € K. Let X be the inverse limit l^m(K,P2). It is easy to see that X 
is homeomorphic to S2 A(i) S2, i.e., two copies of the solenoid glued by the 
sequence (1) €82. It is clear that it is not a lamination. The problem is that 
P2 does not iron out the branching in each step, collapsing the branches at 
branching points to one single disk. The kind of maps doing that are called 
flattening [3]. 

We have three main theorems in the paper. Firstly, we show that this 
is a necessary and sufficient condition on an inverse systems to obtain a 
lamination as it limit: 

Theorem 14.31 Fix a projective system where are branched n- 

manifolds and fk cellular maps, both of class . The inverse limit B^o of 
the system is a codimension zero lamination of dimension n and class C" if 
and only if the systems is flattening. 

Secondly, thinking in laminations as tiling spaces [1] we can adapt the 
constructions for tilings [9l [Uj to obtain a result in the other direction: 
from laminations to systems of branched manifolds. This theorem extends 
[1] to any lamination of codimension zero: 

Theorem 15. 8L Any codimension zero lamination (M, £) is homeomorphic 
to an inverse limit \^m{Sk, fk) of branched manifolds Sk and cellular maps 
fk '■ Sk ^ Sk-l- 

Finally, the inverse limit structure can give information of the dynamics 
of the space. M.C. McCord [13j and recently A. Clark and S. Hurder [7] 
study an important class of solenoidal spaces, those given by real manifolds 
and regular covering maps as bounding maps. With this structure we can 
conclude that: 

Theorem 16.31 An equicontinuous lamination of codimension zero preserves 
a transverse metric. 
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Figure 1. A tree and the local model. 



2. Branched manifolds 

Let denote the closed n-dimensional unit disk. A sector is the, even- 
tually empty, interior of the intersection of a (finite) family of half-spaces 
through the origin. Fix a finite family of sectors 5, and a finite directed tree 
T with a map s : VT — ?> S where VT is the vertex set of T. 

Now define a local branched model Ut as the quotient set of B" x VT by 
the relation generated by 

(x, v) ~ (x, v') <;=^ the edge v ^ v' exists in T and x G B" \ s{v). 

The quotient C JJt of each set B" x {v} is called a smooth disks. There 
is a natural map Ut '■ Ut — > B*^ given by the quotient of the first coordinate 
projection pri : (x, v) i-^ x, which is a homeomorphism restricted to each 
smooth disk. 

Definition 2.1. A branched manifold of class C" of dimension n is a Pol- 
ish space S endowed with an atlas of closed disks {Ui} homeomorphic to 
local branched models of dimension n such that there is a cocycle of C^- 
diffeomorphisms {aij} between open sets of B" fulfilling Ilj o aij = Hj, 
where Ilj denotes the natural map of the local models. 

Remark 2.2. Definition 12.11 is not the classical one [18]. In our setting the 
branching behavior is quite simple as we have locally finite branching. This 
is not true with the classical definition. 

Following [18j, there is a natural notion of differentiable map: a map 
/ : 5 — )• 5' between two branched manifolds of class at least r > 1 is of class 
C if the local map 

/j; : Ut{D^) ^^^^ ^ Ut' ^ B" 

is of class C" and the germ of f^'^ at any point does not depends on T'. 

Of course, there is the notion of tangent fibre bundle for branched man- 
ifolds. For each smooth disk of a local model Ut we have the induced 
tangent bundle {Ut\dJ*TW ^ D^xW. The tangent bundle of Ut is just 
the gluing of those, which is naturally isomorphic to Ut x M". Finally, as 
the change of coordinates are diffeomorphisms between smooth disks there 
is a well defined tangent bundle. Obviously, one can define higher bundles 
provided the differentiability class is high enough. As in the classical set- 
ting differentiable maps induce bundle maps. Then the usual definitions of 
submersion and immersion make sense. Anyway, we should remark that a 
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submersion does not need to be locally surjective and an immersion does 
not need to be locally injective. 

3. CODIMENSION ZERO LAMINATIONS 

Let M be a locally compact Polish space. A foliated atlas of class C" is 
an atlas A = {ipi : Ui — >■ M" x Xj} of M such that the changes of coordinates 
can be written as 

(1) ° V^J^ix,y) = {ipl{x),aij{y)), 

where aij is a homeomorphism and <p^j is a C-diffeomorphism depending 
continuously on y in the C-topology. Two foliated atlases of class are 
equivalent if the union of them is still a foliated atlases. A lamination of class 
C" is a base space M endowed with an equivalence class C of foliated atlas. 
The open sets Ui are usually called flow boxes and the level sets (f~^{Pi x {y}) 
and (fY^{{x} X Xi) are the plaques and local transversals of A respectively. 
A transversal of £ is just a union of local transversals of a compatible atlas. 
The leaves L of C are the smallest path connected sets such that if L meets 
a plaque P, then P C L. The plaques define a n-manifold structure of class 
C"" on each leaf. It is usual to identify the lamination C with the partition 
formed by the leaves, so it is common to write L € C for a leaf L of C. 
Finally, a complete transversal is a transversal meeting all leaves. The space 
T = [J • Xj is the complete transversal associated to the atlas A. An atlas A 
is good if it is finite and 

(1) the flow boxes Ui are relatively compact; 

(2) if UidUj 7^ 0, there is a flow box Uij containing Ui R Uj and therefore 
each plaque of Ui intersects at most one plaque of Uj. 

The codimension of the lamination £., denoted by codim£, is the dimension 
of the complete transversal associated to any atlas. Then we talk about 
codimension zero lamination if the transversal is a locally compact Polish 
0-dimensional space. 

Remark 3.1. Given a codimension zero laminations, the leaves of the under- 
laying laminations are the path connected components, as local transversals 
are totally disconnected. Hence the foliated structure is intrinsic to the 
topological space M. 

Example 3.2. Consider the Cantor set C = {0, 1}^ and the shift map 
cr{{xi))k = Xk+i, for (xj) G C. We can consider then the suspension of this 
homeomorphism: Consider the action of Z on M x C given by 

{X,x)+i= {X-i,a\x)), 

for i £ X. The horizontal foliation on M x C given by the leaves M x {*} is 
invariant under this action, so it induces a lamination of class C°° on the 
quotient M = M x C/Z. For other examples of codimension zero laminations 

see [iniEiiiiiiig. 

Recall that a pseudogroup of transformations on a space T is a family of 
homeomorphisms from open sets to open sets of T closed under restriction 
to open sets, composition, inversion and extension. To describe the behavior 
of the leaves we need the holonomy pseudogroup: Fix a good foliated atlas A 
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for a lamination C on M. Fix two meeting flow boxes Ui and Uj and define 
the corresponding holonomy transformation uij : Dij C — > Dji C Xj 
given by 

(7ij{yi) = Uj the plaques through yi and yj meet, 

where Dij and Dji are the obvious open sets of Xi and Xj respectively. It 
can be shown aij is a homeomorphism. The pseudogroup T on T generated 
by all those maps is the transverse holonomy pseudogroup associated to A. 

Given a point x € T we can consider the group of germs of elements 
of r fixing X. Given other element y G T in the same leaf L, and Ty 
are naturally isomorphic. We call this group the holonomy group of L and 
we write T^. In fact, the holonomy group is a quotient of the fundamental 
group of L: Take a path 7 starting and ending at x contained in the cor- 
responding leaf. Then it can be covered by a finite family charts. Making 
the composition of the corresponding holonomy maps, we obtain a map 
depending on the homotopy class of the path. We have the holonomy rep- 
resentation of the fundamental group of L. Details about laminations can 
be found in [6]. 

4. From sequences of branched manifolds to laminations 

For us, a projective system is family of spaces Sk and continuous onto 
maps fk ■ Sk+i — )• Sk with A; € N. Given such a system it is possible to 
define the projective or inverse limit as 

Soo = lim{Sk,fk) = { ih) e Ilk>o^k I fkih+i) = h}- 

For each Sk, there is a natural map fk ■ Soo — ^ Sk, the restriction of the 
corresponding coordinate projection. Projective limits has a universal prop- 
erty: if there are maps gk ■ Y ^ Sk such that fk o gk = gk-i for a space 
Y and all k, then there exists a unique continuous map ^oo : Y — )• Soo such 
that fk°goo = 9k- 

In general inverse limits might be empty, but if each factor Sk is com- 
pact and nonempty, the projective limit will be compact and non empty. 
Moreover, if the factors are Hausdorff the inverse limit will be too f8]. 

Given an infinite set {ajligp^ C N we define the telescoping (associated 
to the family {aj}) of the projective system {Sk,fk ■ Sk Sk-i} as the 
projective system 

„ ^ /ai°---°/aO+2o/ao + l ^ /a2 °' ' '"/"l +2°/a 1 +1 ^ 

The telescoping is, roughly speaking, a less detailed projective system, as 
we have dropped some levels, but with this process no information is lost. 
It is straightforward to show: 

Lemma 4.1 (Thm. 2.7 of Apx. 2 [H]). A projective system and any telescopic 
contraction of it have the same inverse limit. 

Definition 4.2. A cellular f : S ^ S' map between branched manifolds 
is flattening if for each b & S there exists a (normal) neighborhood U such 
that f{U) is a smooth disk of S'. A projective system ii flattening if there 
is a telescopic contraction of it with all bond maps fiattening. 
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Theorem 4.3. Fix a projective system {Sk,fk) where are branched n- 
manifolds and cellular maps, both of class . The inverse limit Soo of 
the system is a codimension zero lamination of dimension p and class if 
and only if the system is flattening. 

Proof. Let us start supposing that the system is flattening, we can assume 
the maps fk are flattening immersions. And denote by fk^k' the maps 

fk,k' = fk° fk-1 o ■ ■ ■ o fk'+l : Sk Sk', 

where k > k' . We will construct a foliated atlas for Soo = ^h2(5'fci fk)- 

Given a thread (xk) G there are two possibilities: a) Xk^ € Sk^ \ 
Sing5fc(, for some kQ € N, or b) Xk € SingS'yt for all k. 

a) As Xko ^ SingSfcp there is a normal neighbourhood Dk^ of bk^ diffeo- 
morphic to an Euclidean closed disk. As maps fk are cellular the space 
fklo^D^^o) ^ finite disjoint union of copies of Dk^ (indeed one for each 
element of fkloi^ko))) each of them being again a normal neighbourhood, 
for each k > k^. Define the set 

(2) Ud,^ = { (xy e 5oo I G fklS^ko) ], 

which can be also obtained as the inverse limit of the systems {fj^\^.^ i^h))} fk)- 
Each fkX)^Dko) is canonically homeomorphic to Dk^ x fj^J^^ixko)- But 
Dko X fk, Igi^ko) with maps idD^g x/fc is an inverse system, and the canonical 
homeomorphism of each level pass to the limit, therefore Ux^^ is homeomor- 
phic to hm(i:>fco X fk,ko(^ko),'^<iDk^ xfk) = Dko x /^^^(a^fco)- Finally, notice 
that fj7^^{xko) is a closed and totally disconnected set. 

b) In this case, the construction is similar, but now normal neighbourhoods 
are no longer disks. Given a normal neighbourhood Dq of xq we define 
the closed set C/dq as in ([2]). We should use flattening condition to get a 
product structure. Consider local coordinates for Dq, that is, a finite disjoint 
union Xq of disks, and a map : Xq — t- Dq. We can assume that each of 
them is a smooth section for /q. Now, for each point of /(^^(s^o) we can 
give local coordinates being smooth sections of /i. All those local sections 
form Xi a disjoint union of disks, and we also have the coordinate map 
fi'.Xi—)- /q"^(Z)o)- There is an obvious map qq from Xi to Xq defined 
by /q. Continuing in this way we get a projective system {Xk,gk) and a 
system of maps {(fk} to the system (/^o(-Do)) /fc)- It is straightforward 
to show that (/'fe-i ° 9k = fk ° 'fk- Therefore, there is a continuous map 
ipoo '■ ^mXfc — > l^m /tTnC-Do). It is obvious (foo is onto, so it is enough that 
see that it is injective. 

Fix (yk) and (y^) G l^Xk such that (fooiUk) = V^ooiu'k)- Then, for any k 
fkiUk) = fkiy'k)- But fk is flattening, therefore yk-i and belongs to 
the same disk in Xk. Thus yk-i = y'k-v By induction we get {yk) = (y'k)- 

The change of coordinates of all those maps are like in ([T|) as the transver- 
sals are totally disconnected. 

Now, suppose flattening condition is not fulfllled, even after any telescopic 
contraction. So there exists a thread (xk) G Soo such that for each point 
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Xk € Sk there are two smooth sections and Dj. of fk such that fk ■ 
D^^^ D], is a diffeomorphism for z = 0, 1. In particular, fk restricted to 
the union D^^^\JD\j^^ is a diffeomorphism of branched manifolds. Therefore 
the inverse limit is diffeomorphic to D'j,^^ U -D^^^ and it is contained in Soo- 



5. From laminations to sequences of branched manifolds 
5.1. Box decompositions. 

Definition 5.1. A family of compact flow boxes B = {ipi : Bi DiX Ci}'^^ 
is said to be a box decomposition of (M, C) if 

(1) the family B covers M; 

(2) each transversal Cj is a clopen set of X; 

(3) if i 7^ J, the intersection of Bi and Bj agrees with the intersection of 
the vertical boundaries dff^Bi = ipi{dDi x d) and dt\^Bj = ipj{dDj x 



If the plaques of B are p-simplexes, each pair of plaques meets in a com- 
mon face. In this case, we may suppose that the maps Lpij are linear and 
we will say that B is simplicial box decomposition (or simply simplicial 
decomposition) of {M,C). 

Theorem 5.2 ([I]). Any codimension zero compact lamination {M,C) 
admits a simplicial box decomposition B. 

The proof of the Theorem is long, but the main points of it are the same 
of the Classical Triangulation Theorem with the approach inaugurated by 
A. Weil 1161. 




5.2. Patterns and boxes. For now on, we fix a simplicial box decomposi- 
tion /C = {99 A : B/^ — 7> A X Xa}, where A runs over a finite set of n-simplexes 
V. By analogy, we will call those elements (proto)tiles. Each transversal 
can be identified withthe set of centers of the triangles of the corresponding 
box B/\, or in other words, each simplex A is pointed at its center. We 
denote by X the complete transversal associated to /C, that is, the disjoint 
union Xa- 

Definition 5.3. A pattern P is a finite union (face by face) of copies of 
elements of V. If we fix a base point p (chosen from the ones of the tiles 
forming P) we talk about a pointed pattern {P,p). The base point is dropped 
from notation if it is clearly understood. 

In general, patterns are not subsets of leaves of C, not even subsets of M. 
The natural place for patterns is the holonomy coverings of leaves, that is, 
the covering associated to the kernel of the holonomy representation of the 



Hence it cannot be a lamination. 



□ 



(3) 





leaf. 
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Definition 5.4. Let ir : Lx ^ Lx denotes the holonomy covering of the leaf 
Lx through x ^ X. A pointed pattern {P,p) is around x € X if there is a 
copy of the pattern P C Lx such that tt{p) = x. Call 

P,p) = { X ^ X \ {P, p) is around x } . 

to the set of all those points. 

Lemma 5.5. The set Xp is clopen. 

Proof. Fix X € Xp. For each tile A of P we can fix a path of tiles 
{Aq, Ai, . . . , Afc}, where Aq is the tile containing p and A^ = A. The 
projection of the path defines a path of plaques on M, and the associated 
holonomy map is given by 

7p,A = (^Ak-iAk o • • • o 0-Ai,A2 o 0-Ao,Ai- 
The map above does not depend on the path itself but on A as the different 
paths are homotopic relatively to its ends in the holonomy covering. It is 
obvious that 

Xp = Pi dom7p,A 
AeP 

By definition of the holonomy transformations a"A,A'5 their domains are 
clopen so dom7p^A are also clopen. Finally, there are a finite number of 
simplexes, hence X is clopen. □ 

Now, given a pattern P there is a natural map P x Xp M given as the 
gluing of the embeddings A x Xp C A x X^ — > M. Those maps shows the 
following result: 

Lemma 5.6. Given a pointed pattern {P,p), there is a singular box 

i^P : P X Xp ^ M, 
that is, a foliated map such that 

(1) is a homeomorphism restricted to each transversal {*} x Xp and 

(2) is a local homeomorphism restricted to each plaque P x {*}. 

Definition 5.7. A tile decoration of /C is a disjoint clopen cover of X]q. 

It is clear the associated set Xp for a decorated pattern is also clopen, as 
if is enough to restrict the domains and images of the holonomy transfor- 
mations to the clopen sets of the decoration. Hence, Lemma 15.61 also holds 
for decorated patterns. 

5.3. Codimension zero laminations are inverse limits. The aim of 

this section is to prove the Theorem: 

Theorem 5.8. Any codimension zero lamination (M, C) is homeomorphic 
to an inverse limit l^m{Sk, fk) of branched manifolds St and submersions 
fk '■ Sk Sk~l. 

Proof. For now on let /C denote a simplicial box decomposition as the one of 
Theorem [521 The axis Xfc of /C is a totally disconnected compact metrizable 
space, therefore we can choose a countable basis OS of the topology of X/c 
such that 

(1) each set i? E 53 is clopen and; 
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(2) the basis is written as a disjoint union of floors !B = |J such that 

(a) for each B G ^k+i there exists B' € !Bfe such that B C B' and; 

(b) QSfc is an open cover of X/c- 

For each p G Xjc, let Lp be the hofonomy covering of Lp the leaf through p. 
Fix a lift p of p. Let Ap denote the simplex containing p, and Ap the lift of 
it to Lp. In other words, Ap is the simplex whose barycenter is p. 

The first branched manifold Si. Fix the decoration of tiles Di = ^i. From 
now until next step all patters will be decorated hy Di. Consider the pattern 
Pp = *(Ap). It is clear Pp does not depend on the election of p, as deck 
transformations relate all possible elections. Associated to Pp there is a 
clopen set Xpi. By definition it is obvious that two sets Xpi and Xpi 

agree or are disjoint. As Xk^ is compact, there are finitely many of them, or 
equivalently, there are finitely many decorated patterns {P^ , P2 , . . . , Pl^}. 
We have then the associated sets Xpi and singular boxes ipj : PixXpi M. 

i i 

We define an equivalence relation ~i on M generated by 

X ~i y 3ipl s.t. pri o ifl ^{x) = pri o ip} 

That relations is just the collapsing the transversals of the singular boxes 
on M. Set = M/~i and qi the quotient map. 

The space 5i has a natural branched manifold structure. It is obvious 5i 
is covered by the images of the starts of points -kx = Uasx with x G M. 
Moreover, by the compactness of 5i (there are just finitely many patterns 
on M) finitely many of them are enough, and can be chosen to be vertices 
of the triangulation. Sadly, those disks might not map to disks on ^i, as 
some of their simplexes may meet in other ways in M, so the quotient is not 
a disk (see Figure [2^). Define the disk as 

= {y e-kx \ bar^(y) > 2/3 }> 

where bar^ (y) denotes the barycentric coordinate of y associated to x on the 
corresponding simplex (see Figure [2^). Those disks are embedded as disks 
on 5i. Now, given s £ Si the image of a vertex, define the open set 

Us= U qi{D^). 

qi{xeM)=s 

It is straightforward to see the Us open sets with the disks Dx form a 
branched manifold atlas for Si. 



The branched manifolds S^- Now, by induction suppose we have the parti- 
tion by clopen sets {Xpt-iYj^^^ and S^-i- We can define the decoration 

i 

Sfc = I Xpk-i nB\l<i< Ik-i and B (£ Bk] ■ 

i 

So now, for each p £ P, consider the pattern decorated by Dk 

j-tk T~tk 1 ^ A 

p — p — k • • • :*rZAp, 

using the same notation above. Proceeding as before, we obtain finite parti- 
tion by clopen sets {Xpk Y^^i and the branched manifold 5„ and the quotient 
map Qk- 
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(a) (b) 

Figure 2. (a) The set and the disk (in grey), (b) 
The pattern ★A: all tiles meeting A. 

The branched manifold system. By construction given P!" there exists 

such that Xpk+i C Xpk. It is clear, P^^^ is just the star of P^ with a finer 

decoration. Even more, the natural maps embedding the associated boxes 
agree. This implies there is a natural map fk+i '■ Sk+i Sk such that 




is commutative. Therefore, there is a continuous map Qoo ■ M — >■ ^oo. 

Finishing the proof. The map Q(x, is a homeomorphism. As each quotient 
map Qn is onto, the map goo has dense image. But M is compact and Soo is 
Hausdorff, therefore qoo is onto. On the other hand, goo is into. Fix x and 
y E M such that qooix) = goo(y)- This implies those points share decorated 
patterns of any size. Therefore x = y. As go© is continuous bijection from a 
compactum to a Hausdorff space, it is a homeomorphism. □ 



6. Inverse limits of regular cover maps 

Adding conditions to the inverse limit structure, we can get interesting 
results about the transverse dynamics of the corresponding laminations. One 
interesting case is the equicontinuous foliated spaces. 

Consider a projective system 

(4) Si^S2^Ss^--- 



where Sk are compact finitely dimensional manifold and fk are regular cov- 
ering maps. To avoid trivial situations, assume all bonding maps are not 
homeomorphisms, that is, the degree of each f^ is greater than 1. The in- 
verse limit Soo = ^f^{Sk, fk) has a natural structure of matchbox manifold 
as it is obviously flattening, even on those trivial cases. 

Theorem 6.1. Each standard transversal of Soo has a natural structure of 
profinite group. Moreover, those structures are all isomorphic. 
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Proof. Fix a thread (x^) G Soo- For now on will be the base point of 
for all homotopy and cover related tools. 

Consider the transversal Ti = q^^{xi). Now if k > k' , 

fk,k' = fk° fk~i o • • • o f^,^i : Sk Sk' 

is also a regular covering map. By definition fk,k-i = fk- Denote by 
the deck transformation group of fk^k' acting on Dj^ y = f^l/{xk')- As f^^k' 
is regular, A^ ^.z acts freely and transitively on D}^ y. 
We have then the identification 

(5) 6 G Afc,i ^ 5{xk) e Dk,i. 

Therefore the transversal Ti can be thought as 

Ti =q-^{xi) = ^(Dfc.l, /fc,fc~l|z)fc,i) = l^m (Afcj,/fc.A:-l|D^ -,) 

with the previous identification. Let us see fk,k-i is a homomorphism of 
groups considered with domain A^^i and range Afc_i^i. 

As fk,i is a regular covering 7ri(S'fc) < vri(5i) and A^^i = '^i('^i)/7ri(5fc) 
(with the usual identifications). As the same holds with f^^w we can think 
that 

••• <vri(S3) <^i(52) <vri(Si). 
By the isomorphism theorem we have the identification 

Afc+1,1 



A 



fc,i 



A 



k+l,k 



Remember that fk,k-i is the quotient map Sk — >■ ^k/Ak^k-i = Sk~i- This, 
with the identification ([5]) and the normality of the groups 

fk,k-i{g) = fk,k-i{g{xk)) = { h{g{xk)) I h € /^k,k-i } 

= { 9{h{xk)) I h G Afc_fc_i ] = goh[{ h{xk) I h G A^^k-i }) 
for any /i G Afc^jt_i. Again as fk,k-i is a quotient map 

fk,k-i{xk) = Xk-i = { h{xk) I h G Afc_fc-i }, 
so we conclude from ([6]) 

fk,k-l{g) = gAk,k-l- 

Therefore the transversal Ti has the structure of the profinite group 

lim(Afc,i,/fc.fc-i)- 

Notice that the identity of the group is identified with {xk)- But the election 
of another thread does not change the isomorphism class. 

Finally, it is well known that the isomorphism class does not change by 
telescoping, so for any transversal q^^{xk) for any Xk G Sk we obtain the 
same profinite group structure. □ 

All leaves of share the fundamental group TTi{Sk) (see [l3]). There- 
fore each leaf L is a normal covering space of Si having 

^ ^ 7ri(5'i) 
nfc7ri(5fc) 
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as deck transformation group. The quotient map Aoo,i ^k,i gives rise to 
a natural representation of Aoo,i in Ti: 

g G Aoo,i ^ {g^k,i) G l/ni(Afc.i,/fc+i.fc). 

This representation is faithful as if (7 € Aoo,i such that g^k,i = ^k,i for all 
k implies g acts trivially in all levels Sk- Then g acts trivially on L, so it 
should be the identity. 

In that way, Aoo,i is a subgroup of Ti. Hence we have the free action of 
Aoo,i on Ti by left translations. We have then a diagonal action given by 

^ -.h- {\,{xk)k) ^ {h-^X,h{xk)k)- 
It is straightforward to see that: 

Lemma 6.2. The lamination Soo is the suspension of ^. Therefore the 
transverse dynamics of Soo given by the action o/Aoo,i onTi. □ 

As Ti is a group we can consider a left invariant distance, in fact, we can 
construct it explicitly. Consider the discrete distance (5aj. ^ on each group 
Afc 1 which is 1 on different elements. The product metric restricted to Ti 

00 ^ 

(7) d{{xk),{yk)) = J]]^<^Afe,i(a;fc,yfe) 

k=2 

is invariant by the action of Ti on itself, so it is invariant by the action of 
the subgroup Aoo,i. Therefore any lamination given as an inverse limit of 
manifolds and regular coverings preserves a distance function. A. Clark and 
S. Hurder shows in [7] that those laminations are exactly the equicontinuous 
ones. 

Theorem 6.3. A equicontinuous lamination of codimension zero preserves 
a transverse metric. 
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